Fibrosis, a process of fibroblast proliferation in cardiac tissue, is a major concern for patients with diseases like ischemia, heart failure, and cardiomyopathy, because of its arrhythmogenic effects. Fibroblasts, in appreciable densities, are known to affect the electrical-wave dynamics in cardiac tissue, because the coupling of fibroblasts with myocytes modulates the electrophysiological properties of the myocytes. Furthermore, in fibrotic hearts, the distribution of fibroblasts can be heterogeneous, so the density of fibroblasts can vary from wounded regions (like infarcted or ischemic zones) to normal regions of the heart. Such gradients in the fibroblast density (GFD) induce spatial variation in the electrophysiological properties of the tissue, and the latter can initiate and affect the dynamics of pathological waves like spiral waves. We study the effects of GFDs on the dynamics of spiral waves by using a state-of-theart mathematical model for human-ventricular tissue. We find that, in the presence of GFDs, spiral waves are unstable, i.e., a stable spiral wave breaks into multiple spiral waves. We find that GFDs induce spatial variations in the local spiral-wave frequency ω in the medium. Such a variation in ω leads to anisotropic thinning of the spiral arm that gives way to spiral-wave breaks. We also study the factors that enhance the instability of the spiral waves in the medium with GFD. Finally, we show that the presence of GFD can spontaneously lead to spiral waves, via highfrequency pacing, in the medium.
Introduction
The occurrence of abnormal spatiotemporal patterns of electrical waves in cardiac tissue, in the form of spiral waves, has been associated with cardiac arrhythmias [1] . The existence of a single spiral wave is associated with tachycardia [2] , and a multiple-spiral-wave state is associated with a life-threatening arrhythmia known as fibrillation [3] . A single-spiral-wave state can transition into a multiple-spiral-wave state if the spiral becomes unsta-ble and breaks up, giving rise to many daughter spirals [1] . Given that fibrillation is a more lethal condition than tachycardia, it is important to understand the mechanisms of the transition process from a single-to a multiple-spiral-wave state. Here, we present a mechanism of spiral-wave instability in a medium with a gradient in fibroblast density (GFD).
Fibroblasts are passive cells that are needed for the proper functioning of a heart, because they, along with other cells, form the extracellular matrix and ensure the structural integrity of the heart. However, the abnormal proliferation of fibroblasts because of diseases like ischemia, heart failure, and cardiomyopathy is considered to be arrhythmogenic [4] . Fibroblasts, if they form gapjunctional coupling, can change the electrophysiology of myocytes in cardiac tissue [5] . This, in turn, can affect the dynamics of electrical waves in cardiac tissue. Many studies have been performed to investigate the effects of fibroblasts on wave dynamics in cardiac tissue [6, 7] ; however, most of the studies, which consider fibroblast-myocyte (FM) coupling, deal with a homogeneous distribution of fibroblasts in the domain. But, the density of fibroblasts in a diseased cardiac tissue may not necessarily be homogeneous [8] . Therefore, it is important to study the effects of FM coupling on wave dynamics in a domain with heterogeneous distributions of fibroblast density.
We investigate the effects of GFD on spiral-wave dynamics in a mathematical model for human-ventricular tissue. We find that GFD induces a spatial variation of the local spiral-wave frequency ω in the domain. This variation of ω in the domain leads to spiral-wave instability, and the degree of instability depends on the magnitude of the variation of ω. We also investigate the factors that modulate the variation of ω in the domain. We find that, for a given GFD, the resting membrane potential E f of the fibroblasts, and the number of fibroblasts N f that are coupled to a myocyte can change the spatial variation of ω in the domain. Finally, we also show that GFD can spontaneously initiate spiral waves via high-frequency pacing.
2.

Methods And Materials
We use the O'Hara-Rudy dynamic model [9] for our human-ventricular myocyte cell. The fibroblasts are modelled as passive cells; for these fibroblasts, we use the model given by MacCannell, et al. [10] .
In our two-dimensional (2D) simulations the fibroblasts are attached atop the myocytes; thus, our 2D simulation domain is a bilayer. The spatiotemporal evolution of the membrane potential (V m ) of the myocytes in tissue is governed by a reaction-diffusion equation, which is the following partial-differential equation (PDE):
where D is the diffusion constant between the myocytes. I ion is the sum of all the ionic currents of the myocyte [9] . I gap is the gap-junctional current between a myocyte and a fibroblast in an FM composite. I gap =0 if no fibroblast is attached to a myocyte. We use the forward-Euler method for time marching with a five-point stencil for the Laplacian. We set D= 0.0012 cm 2 /ms. The temporal and spatial resolutions are set to be δx= 0.02 cm and δt=0.02 ms, respectively. We use a domain size of 960 × 960 grid points. We initiate the spiral wave by using the conventional S1-S2 cross-field protocol.
Results
The coupling of fibroblasts to a myocyte can change the electrophysiological properties of the myocyte. We show in fig. 1 the action potentials (APs) of a myocyte coupled to fibroblasts with different values of E f : The black curve indicates the AP of an isolated myocyte, and the red, and blue curves indicate the APs of a myocyte coupled to fibroblasts of E f = -25 mV, and -15 mV, respectively. We can see that the action potential duration (APD) of the myocyte increases if it is coupled to fibroblasts, and the increase in the APD depends on the value of E f of the fibroblasts.
The changes in the APDs of myocytes because of fibroblast coupling can affect the electrical-wave properties in a tissue. For example, changes in the APD of the consituent myocytes affect the frequency ω of a spiral wave as follows. Consider a stably rotating spiral wave, if we neglect curvature effects, dimensional analysis gives ω θ λ , where θ is the conduction velocity and λ is the wavelength. Furthermore, λ θ × APD, and, therefore,
In a domain with, on average, a homogeneous distribution of fibroblasts (see fig. 2 (a) ), the spiral-wave frequency ω decrease with the increase of fibroblast percentage p f (see fig. 3 ), because as fibroblast coupling increase the APD of the myocytes (see fig. 1 ), the increase in p f increases, on average, the APD of the myocytes in the medium; and, thus, eqn. 2 implies that ω decreases with the increase of p f . Figure 3 shows the variation of ω with p f . 
Effects of GFD on the stability of spiral waves
The presence of gradient in fibroblast density (GFD) induces spiral-wave instability. Figure 2 (b) shows the GFD in a domain, where the fibroblast density increases from the bottom (p f =10%) to the top (p f =100%) of the domain. The magenta and cyan colors indicate fibroblast-mycoyte composites and myocytes, respectively. Figure 4 shows the break-up of a spiral wave in the domain shown in fig. 2 (b) . We see that the spiral wave breaks in the top region where the density of fibroblasts is high. The reason for the spiral- wave instability is as follows. The presence of GFD in the medium induces a spatial variation of the local value of ω (refer fig. 3 ). In fig. 4 the local value of ω decreases from the bottom to the top of the domain. This anisotropic variation of ω leads to an anisotropic thinning of the wavelength of the spiral arms (see fig. 4 2.14 s), which gives way for spiral-wave break-up. The wave-thinning occurs in the upper region, because it has large APD. As the upper region has a large APD, the conduction velocity is lower in that region (conduction-velocty restitution property [11] ); therefore, in order to support the high-frequency wave trains coming from the lower region, the wavelength of the waves thins as it propagates towards the top region. As the instability of the spiral waves arises because of the spatial variation of ω in the medium, the degree of instability of the spiral waves depends on the magnitude of the gradient in ω that is induced by GFD. We, therefore, study the factors that modulate the variation of ω with p f . We find that high values of E f induce high variation of ω with p f . Figure 3 (a) shows that the variation of ω with p f is more drastic for E f = -15 mV (black), as compared to E f = -25 mV (blue). Moreover, we also find that the variation of ω with p f is enhanced if we couple more fibroblasts number N f to a myocyte. Figure 3 (b) shows the variation of ω with p f for three different values of N f : N f =1(black), N f =2(blue), and N f =3(red). We see that variation of ω increases as we go from N f =1 to N f =3. These results tells us that, for a given GFD, a spiral wave is more vulnerable to break-up for high values of E f and N f as compared to the low values of E f and N f .
Spontaneous initiation of spiral waves
The presence of GFD in the medium can also initiate spiral wave spontaneously if we pace the medium at a high frequency. Figure 5 shows the initiation of spiral waves in a medium with GFD with p f going from 10%-100%. We apply periodic line stimuli at the bottom edge of the domain at a pacing cycle length PCL=250 ms. The reason for the spiral-wave initiation is as follows. The top region of the medium, because it has a large APD, repolarizes slowly. Now, if we pace the medium, at high-frequency, there is a prominent waveback-wavefront interactions of the waves in the top region. This waveback-wavfront interactions induce corrugations in the wavefronts of the waves (because of the random distribution of fibroblasts), which eventually leads to the initiation of spiral waves. Such pacing-induced spiral waves occur at highfrequency pacing and not at low-frequency pacing, because the wavefront-waveback interaction between the consecutive waves is more prominent at high-frequency pacing. Figure 6 shows a stability diagram in the E F -P CL plane indicating the regions where spiral waves (magenta color) occur and no spiral waves (black color) occur.
In conclusion, we have shown how fibroblast-myocyte (FM) coupling can affect the the electrical-wave properties in a tissue. We see that FM coupling changed the APD of the myocytes, and this, in turn, modulated the properties of the spiral waves in a tissue, like its frequency ω. We show that ω decreases with the increase of the percentage of fibroblasts p f , because the FM coupling increases the APD of the constituent myocytes. We then study how the gradient in the fibroblast density (GFD) affects the dynam- ics of the spiral waves. We find that GFD induces spiralwave instability in the medium. We show that this instability arises because of the spatial variation of the local value of ω in the medium induced by the GFD, and the spiral wave breaks in the low-ω region. Our finding of spiral-wave break in the low-ω is consistent with the experimental results of Campbell, et al., in monolayers of neonatal-rat ventricular myocytes, where the gradeint in ω is induced by varying the I Kr ion-channel density. We also investigate the factors that affect the variation of ω with p f . We find that the variation of ω with p f is more for high values of E f and N f as compared to when their values are low. And thus, for a given GFD, the degree of spiral-wave instability is higher at high values of E f and N f as compared to their low values. Finally, we show how GFD in the medium can initiate spiral waves spontaneously via highfrequency pacing. We hope our results will lead to detailed studies of GFD-induced spiral-wave instability at least in in vitro experiments on cell-cultures. At the simplest level, we suggest fibroblast analogs of the experiments of Campbell, etal. [12] .
